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Direct Numerical and Large-Eddy Simulations
of Turbulent Flows over Rough Surfaces
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Direct numerical simulations (DNS) and large-eddy simulations (LES) of a turbulent channel flow with transverse
square bars on one wall have been carried out at Re = 6.9 ×× 103. Both the Smagorinsky, with Van Driest damping,
and dynamic subgrid models have been used. There is satisfactory agreement between the two types of simulations
for the pressure and skin friction on the wall and the rms velocity near the wall. Far from the wall, LES gives
only an approximation of the rms distributions obtained by DNS. However, the subgrid models are a significant
improvement relative to when no model is used (which corresponds to an unresolved DNS). Another DNS at
Re = 1.2 ×× 104 has been performed with the aim of comparing the results with the experiment by (Hanjalic, K.,
and Launder, B. E., “Fully Developed Asymmetric Flow in Plane Channel,” Journal of Fluid Mechanics, Vol. 51,
1972, pp. 301–335). The agreement between mean and rms distribution is good. The Reynolds-number dependence
(Re ranging from 2.8 ×× 103 to 1.2 ×× 104) has been discussed. The pressure on the wall and hence the form drag
do not depend on Reynolds number, and the velocity profile changes slightly for Re > 6.9 ×× 103.

Nomenclature
C f = skin-friction coefficient
d = error in origin
h = half-width of the channel
k = roughness height
n = unit vector normal to the wall
P = pressure
p = longitudinal separation between consecutive bars
Re = Ubh/ν, Reynolds number
s = unit vector tangent to the wall
Ub = bulk velocity
Uc = centerline velocity
Ui = component of the velocity vector in the i direction
Uτ = friction velocity
u = streamwise velocity fluctuation
v = wall-normal velocity fluctuation
w = spanwise velocity fluctuation
x = streamwise direction
x = unit vector along x
y = wall-normal direction (origin at the centerline)
ỹ = wall-normal direction (origin on the bottom wall)
z = spanwise direction
�U+ = roughness function
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λ = streamwise wavelength
ν = kinematic viscosity
� = pressure gradient required to maintain a constant

flow rate
τw = wall shear
〈 〉 = averaging with respect to time and z

Subscripts

+ = normalization by either Uτ or ν/Uτ

− = averaging with respect to time x and z

Introduction

F LOWS over rough surfaces are of interest in many practical
applications, ranging from shipbuilding and aviation, the flows

over blades in different types of turbomachines, and the flows over
vegetated surfaces in the atmospheric surface layer. In an engineer-
ing context, pipes and ducts cannot be regarded as hydraulically
smooth, especially at high Reynolds numbers. Rough surfaces can
be used to enhance heat transfer as in computer processors coolers.
The roughness geometry can be selected so as to decrease the drag,
for example, by using riblets or delaying transition. Artery walls can
be rough as a result of the stenosis built up by the cholesterol.

Despite the practical importance of the flow, the knowledge of tur-
bulent rough wall flows is far from complete. According to the clas-
sical scheme (e.g., Clauser,1 Perry et al.,2 and Raupach et al.3), the
rough wall boundary condition affects the mean velocity distribution
in the inner region (in the case of a channel flow, y/h < 0.2). The ef-
fect of the roughness is to shift the mean velocity profile, with respect
to that on a smooth wall, by an increment �U+, referred to as the
roughness function. The roughness function depends on the density
(defined as the total roughness frontal area per unit wall area), height
k, and nature of the roughness. Orlandi et al.4 showed that �U+ is
very well correlated with the rms of the wall-normal velocity.

The effect of the roughness on the outer layer remains a some-
what controversial issue. This is mostly because of general dif-
ficulties in making reliable measurements in the vicinity of the
roughness elements. The wall shear stress is usually inferred by

2482



LEONARDI ET AL. 2483

the Clauser method. However, Perry and Joubert5 outlined that sev-
eral combinations of Uτ , �U+, and error in origin can be found
for the same velocity profile. Direct numerical simulations can pro-
vide an accurate determination of the wall shear τw at least when
Reynolds number is small. They also allow quantification of the
relative contributions to τw of the form and skin-frictional drag.
Leonardi et al.6 showed the distributions of 〈C f 〉 and 〈P〉 for a range
of p/k [where p is the streamwise separation between consecutive
bars, 〈C f 〉 = 1/Re∂〈U 〉/∂y on the wall, Re = Ubh/ν < 103, U is
scaled with Ub and y with h, 〈P〉 is the pressure, and angular brack-
ets denote averaging with respect to time and z]. For w/k > 7, the
roughness elements are isolated because the strength and size of
the main recirculation zone no longer depend on p/k. The mini-

mum C f and maximum Pd occur at p/k = 7 when the reattachment
on the bottom wall occurs immediately upstream of the subsequent
element

Pd = λ−1

∫ λ

0

〈P〉n · x ds, C f = λ−1

∫ λ

0

〈C f 〉s · x ds

and λ = p + k is the streamwise wavelength. For p/k ≤ 2, the to-
tal drag is closely approximated by the skin-frictional drag on the
crests of the elements. In the range 5 < p/k < 19, the total drag is
contributed almost entirely by Pd . One would therefore expect that,
for this range, the Reynolds-number dependence would be much
smaller than in the former case.

However, in real rough wall flows the Reynolds number is high,
and the size of roughness is very small relative to the characteristic
length of the outer flow. Jiménez7 claimed that numerical or labo-
ratory experiments should have at least δ/k > 50 and k+ = kUτ /ν
in the fully rough regime (δ represents either the diameter of the
pipe, the thickness of the boundary layer, or the half-width of a
duct, and k+ is the height of the roughness elements in wall units).
Because the mesh size needs to be small with respect to k and the
computational box much larger than k, numerical simulations re-
quire a large number of points even when nonuniform grids are
adopted. For this reason, to date, numerical simulations have been
carried out only at moderate values of δ/k (usually of the order
10) and at low Reynolds numbers (Re < 103), for example, direct
numerical simulations (DNS) by Miyake, et al.8 Leonardi et al.,6

Ashrafian and Anderson,9 and large-eddy simulations (LES) by Cui
et al.10 Although these simulations have provided useful results,
the Reynolds-number dependence has to be addressed if the results
are to be of relevance to practical situations. The Reynolds num-
ber can be increased with LES. In this context, DNS can be used
to test how classical subgrid models perform in turbulent rough
wall flows. In the present paper, LES and DNS results of a tur-
bulent channel flow at Re = 6.9 × 103 with transverse square bars
on the bottom wall with λ/k = 10 and a smooth upper wall are
compared. DNS have been carried out also at Re = 2.8 × 103 and
Re = 1.2 × 104 to address the Reynolds-number dependence and to
compare the results with the experiment by Hanjalic and Launder.11

The computational box is 6.25h × 2.125h × πh in the streamwise
x , wall-normal y, and spanwise z, direction, respectively. The ad-
ditional 0.125h increase in the channel height is caused by the
cavity height where the square elements (k = 0.125h) are placed
(−1.125 ≤ y/h ≤ −1).

The grid used for the LES (240 × 160 × 49 in x, y, z, respec-
tively) is much coarser than that used for the DNS (512 × 161 × 193
for Re = 6.9 × 103 and 1153 × 161 × 193 for Re = 1.2 × 104).
Ikeda and Durbin12 carried out a grid-dependence study for the
same flow as considered here. At Re = 6520, they found similar re-
sults for the 1024 × 352 × 192 and 576 × 352 × 192 grids. It would
appear that the results are very sensitive to the number of points in
z, which, at this Reynolds number, should not be less than 192. The
models used for the LES are the standard Smagorinsky model with
Van Driest damping (Cs = 0.1, hereafter SM10) and the dynamic
model (DYN). To underline the effect of the subgrid model, a simu-
lation without model has been carried out (NOM). The latter would
correspond to an unresolved DNS.

Fig. 1 Geometrical sketch of immersed boundary method: �, points
inside the roughness element and ××, points nearest to the boundary of
the roughness element. A partial wavy wall (—-—) is shown.

Numerical Procedure
The nondimensional Navier–Stokes and continuity equations for

incompressible flows are

∂Ui

∂t
+ ∂Ui U j

∂x j
= − ∂ P

∂xi
+ 1

Re
∂2Ui

∂x2
j

+ �, ∇ · U = 0 (1)

The Navier–Stokes equations have been discretized in an orthogonal
coordinate system using the staggered central second-order finite
difference approximation. Here, only the main features are recalled
because details of the numerical method can be found in Orlandi.13

The discretized system is advanced in time using a fractional-step
method with viscous terms treated implicitly and convective terms
explicitly. The large sparse matrix resulting from the implicit terms
is inverted by an approximate factorization technique. At each time
step, the momentum equations are advanced with the pressure at the
previous step, yielding an intermediate nonsolenoidal velocity field.
A scalar quantity
projects the nonsolenoidal field onto a solenoidal
one. A hybrid low-storage third-order Runge–Kutta scheme is used
to advance the equations in time. The roughness is treated by the
efficient immersed boundary technique described in detail by Fadlun
et al.14 This approach allows the solution of flows over complex
geometries without the need of computationally intensive body-
fitted grids. It consists of imposing Ui = 0 on the body surface which
does not necessarily coincide with the grid. Another condition is
required to avoid that the geometry is described in a stepwise way.
Fadlun et al.14 showed that second-order accuracy is achieved by
evaluating the velocities at the closest point to the boundary using
a linear interpolation. This method, which requires a fine grid as
the basis of DNS, has been applied to a large number of flows, as
described in the review of Iaccarino and Verzicco.15 As in Fadlun
et al.,14 Ui = 0 is imposed in the grid points within the roughness
elements. The method here used differs in the treatment of the first
point outside the body. The viscous terms are discretized taking into
account the real distance between the grid point and the boundary
of the roughness elements and not the grid spacing (Fig. 1), that is,
for a generic direction,

∂2U
∂x2

= U |i + 1

2

�1(�1 + �2)
− 2U |i 2

�1�2

(2)

+U |i − 1

2

�2(�1 + �2)
(3)

Results and Discussion
The square element on the bottom wall induces a separa-

tion at the trailing edge of the elements (x/k � 1; Fig. 2). The
flow at Re = 6.9 × 103 reattaches on the bottom wall at about
xR = x/k � 4.56 (where xR = 0 is taken at the trailing edge of the
element). The reattachment length agrees well with the DNS at
Re = 6.520 × 103 of Ikeda and Durbin,12 who found xR = 4.46. On
the other hand, LES simulations predict a larger recirculating re-
gion, with a smaller intensity. As the next element is approached, a
separation occurs at about x/k � 9, one roughness height upstream
of the element. The LES, in this case, yield a good approxima-
tion for the C f with respect to the DNS. This behavior is caused
by the nonuniform grid used for the LES with a larger number of
points very near the element and a very coarse resolution within
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Fig. 2 Normalized skin-friction coefficient on the horizontal walls for
one roughness wavelength at Re = 6.9 ×× 103: ——, DNS; �, NOM; �,
Smagorinsky; and �, dynamic.

Fig. 3 Normalized skin-friction coefficient on the horizontal walls for
one roughness wavelength. DNS results: · · · ·, Re = 2.8 ×× 103; ——,
Re = 6.9 ×× 103; and - - - -, Re = 1.2 ×× 104.

the cavity. The element leads to a large increase of velocity and a
presence of the friction peak at the leading edge of the element.
Above the crest (0 < p/k < 1) a separation occurs. Because of the
coarse resolution in y and z on the crests plane, LES and NOM
do not reproduce this separation, which was also observed in the
experiment of Liu et al.16 This means that a large number of grid
points are necessary to resolve the flow scales near the roughness el-
ements. Roughness elements are, therefore, a limitation for the LES
simulations because the number of grid points cannot be decreased
too much. The Reynolds dependence is addressed through three
DNS at Re = 2.8 × 103, 6.9 × 103 and 1.2 × 104 (Fig. 3). As the
Reynolds number is increased, the reattachment on the bottom wall
(first zero crossing) moves toward the trailing edge, and the recir-
culation region becomes smaller and less intense. On the roughness
crest plane at higher Reynolds number, the separation (negative fric-
tion) is more intense. Cui et al.10 carried out an LES at Re = 103 for
k/h = 0.2. The reattachment length (xR = 4.4) agrees well with the
present DNS results. They also observed a separated flow over the
crests plane.

Pressure distributions along the horizontal and vertical walls
are shown in Fig. 4 over one wavelength. Very near the element
(0 < x/k < 2 and 10 < x/k < 12) LES and DNS results are in good
agreement, whereas NOM is a poor approximation. At the center of
the cavity, larger differences are found because of the coarser mesh.

The dependence of the pressure on the Reynolds number (Fig. 5)
is weaker than that for the frictional drag; the distributions for
Re = 2.8 × 103, 6.9 × 103 and 1.2 × 104 almost overlap. Because
the difference between pressure distributions on the vertical walls
corresponds to the form drag for this roughness element, approxi-
mately, the LES and DNS yield values of the form drag that agree.
On the other hand, NOM yields a different pressure distribution over
most of the wavelength and a different (smaller) form drag.

The viscous and form drag are determined by integrating the fric-
tion and pressure distribution over one wavelength. By increasing

Fig. 4 Pressure along the walls of a roughness wavelength (the coordi-
nate s follows the walls of the cavity; the origin is at the leading edge) for
Re = 6.9 ×× 103: ——, DNS; �, NOM; �, Smagorinsky; and �, dynamic.

Fig. 5 Pressure along the walls for one roughness wavelength. (The
coordinate s follows the walls of the cavity; the origin is at the leading
edge.) Legend as in Fig. 3.

Fig. 6 Dependence of frictional and form drag on the Reynolds num-
ber: �, frictional drag and �, form drag.

the Reynolds number, the form drag does not vary much. It differs
by about 5% between Re = 2.8 × 103 and Re = 1.2 × 104 (Fig. 6).
This is an extension of the results of Leonardi et al.6 In the latter
paper, Cd = Pd/k was found not to depend on Re (which was varied
between Re = 2.8 × 103 to Re = 6.9 × 103) and on k (in the range
0.1h to 0.2h). For large values of p/k (e.g., p/k > 3), the total drag
is almost entirely caused by the form drag.6 Therefore, the value of
the friction velocity, Uτ ≡ (Pd + C f )

1/2, does not change with the
Reynolds number: (

C f = λ−1

∫ λ

0

〈C f 〉 ds

)
As a consequence, we believe that, for this type of roughness, the
flow physics near the wall can be investigated through numerical
simulations at moderate Reynolds numbers.

The mean velocity distributions, shown in Fig. 7 for differ-
ent Reynolds numbers, are compared with the measurements of
Hanjalic and Launder11 at Re = 1.2 × 104. The agreement between
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Fig. 7 Mean velocity distribution: symbols, experiment by Hanjalic
and Launder11 lines, DNS; · · · ·, Re = 2.8 ×× 103; ——, 6.9 ×× 103; and
- - - -, 1.2 ×× 104.

Fig. 8 Mean velocity distribution in wall units: closed symbols smooth
wall channel18; ——, DNS; �, NOM; �, Smagorinsky; and �, dynamic
at Re = 6.9 ×× 103.

Fig. 9 Mean velocity distribution in wall units. The straight line
(—·—) is an empirical equation proposed by Hanjalic and Launder,11

[U+ = 1/0.42lnln y/k) + 3.2]. Lines present DNS: · · · ·, 2.8 ×× 103; ——,
6.9 ×× 103; and - - - -, 1.2 ×× 104.

experiment and DNS is satisfactory. The DNS results show that by
increasing Reynolds number the maximum velocity is shifted up-
ward (toward the smooth wall). This is because of the increased
value of the ratio between the rough wall and smooth wall friction
velocities.17 However, whereas the changes to the velocity profile are
large between Re = 2.8 × 103 and 6.9 × 103, only slight differences
are observed between Re = 6.9 × 103 and 1.2 × 104. Therefore, the
dependence on the Reynolds number, for intermediate values of Re
is weak even in the outer layer, so that DNS is a useful tool for
providing insight into rough flows.

The velocity profile in wall units is

U+ = κ−1 ln y+ + C − �U+ (4)

where C and κ are constants and + denotes normalization by ei-
ther Uτ or ν/Uτ . The origin for y, (d/k), is inferred by fitting the
mean velocity data to Eq. (4) after assuming κ = 0.41. With respect

to the smooth wall, the velocity profile is shifted downward by a
factor �U+, known as the roughness function. In Fig. 8, the mean
velocity profiles in wall units for DNS, LES, and NOM are com-
pared to the smooth wall distribution by Moser et al.18 As expected,
the mean velocity profile is shifted downward, and the agreement
between LES and DNS is reasonable. The roughness function is in-
deed caused essentially by the increase of Uτ . For this value of λ/k,
Uτ is mostly caused by the pressure distribution, which was shown
to be similar for DNS and LES (Fig. 4). On the other hand, the pres-
sure drag for NOM was different from that relative to the DNS, and
then larger differences to the velocity profile are expected. Even if
Uτ does not change, the roughness function increases by increasing
the Reynolds number. In fact, because k, Uτ , and the error in origin
do not vary, increasing the Reynolds number leads to an increase of
k+. Perry et al.2 showed that, for large λ/k (k-type roughness),

�U+ = κ−1 ln k+ + B (5)

The value of k+ is 80, 103, and 180 for Re = 2.8 × 103, 6.9 × 103,
and 1.2 × 104, respectively. The corresponding values of �U+ are
12.9, 13.5, and 14.8, respectively, in agreement with Eq. (5), with
B = 2.6 and C = 5.5. Cui et al.10 at Re = 103, by an LES for the same
λ/k but larger roughness elements (k/h = 0.2), found k+ = 320
and �U+ = 16. It agrees reasonably with the present results and
Eq. (5), with B = 2.1 and C = 5.5. These values of k+ correspond

Fig. 10 Normal turbulent intensities scaled in wall units, Re =
6.9 ×× 103: ——, DNS; �, NOM; �, Smagorinsky; and �, dynamic. The
smooth wall channel distributions are included as reference: �, Moser
et al.18; and —·—, DNS.
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Fig. 11 Turbulent intensities in wall units: · · · ·, Re = 2.8 ×× 103;
——, Re = 6.9 ×× 103; - - - -, Re = 1.2 ×× 104; �, Hanjalic and Launder11

at Re = 1.8 ×× 104; and �, Ikeda and Durbin12 at Re = 6520.

to the fully rough regime.19 Hanjalic and Launder11 found that, for
several values of Re (1.8 × 104 to 5.5 × 104), U+, in the log region,
agrees well with the empirical equation U+ = 1/0.42 ln(y/k) + 3.2.
Present DNS results, and the DNS results by Ikeda and Durbin12 (not
shown here), even at lower Reynolds numbers (from 2.8 × 103 to
1.2 × 104) agree well with the results of Hanjalic and Launder11

(Fig. 9). Therefore, for a wide range of Reynolds U+ is constant
at a given ỹ/k (ỹ has the origin on the bottom wall). This means
that the increase of the roughness function is caused by the error in
origin. Even if by increasing the Reynolds number d/k is constant,
d+ increases. To a larger d+ corresponds a larger sideway shift of
the velocity profile and then a larger roughness function.

Turbulent intensities scaled in wall units are shown in Fig. 10.
Near the wall (y/h = −1), for

√〈u2〉+, both the large-eddy sim-
ulations performed with Smagorinsky and dynamic models agree
reasonably well with the DNS. The other two stresses are only
an approximation of the DNS result, especially

√〈w2〉+. Larger
difference for

√〈v2〉+ and
√〈u2〉+ can be discerned in the in-

ner part of the channel. The improvement brought about by
the subgrid models that have been tried is encouraging. In-
deed, with respect to NOM, LES compare much better with the
DNS results. Despite an increase in

√〈u2〉 (not shown here),
√〈u2〉+

is largely reduced consistently with the DNS by Bhaganagar et al.,20

of a turbulent channel flow with three-dimensional roughness on
one wall. As expected, near the roughness crests plane (y/h = −1)√〈v2〉+ and

√〈w2〉+ are larger than over a smooth wall. The normal

wall velocity is the quantity most affected by the rough wall. Orlandi
et al.21 showed that the salient characteristic of rough wall flows is
the presence of a nonzero wall-normal normal velocity distribution
at the interface between the roughness cavities and the external flow.
Near a rough wall,

√〈v2〉+ and
√〈w2〉+ increase, whereas

√〈u2〉+

is reduced; therefore, isotropy is better approximated than over a
smooth wall in agreement with Smalley et al.22 and Krogstad et al.23

Far from the wall, at about 10k, the turbulent intensities relative to
a rough wall differ from those of a smooth wall channel. Orlandi
and Leonardi24 showed that as y is scaled with the distance between
the rough wall and the zero crossing of uv the rms distributions,
relative to four different rough surfaces, far from the wall almost
overlap. Larger values of h/k have to be investigated in order to
assess properly Townsend’s similarity hypothesis.7

The dependence of the turbulent intensities on the Reynolds num-
ber is shown in Fig. 11. Regardless of the differences in k+ and �U+,
turbulent intensities agree closely throughout the channel. Hanjalic
and Launder11 performed an experiment at higher Reynolds num-
bers in a channel with square bar roughness. In agreement with the
present results, they found that the turbulent intensities, scaled in
wall units, do not depend on the Reynolds number.

Experimental data and DNS distributions of
√〈u2〉+ and

√〈w2〉+

agree well, whereas slight differences near the wall (about 20%) are
found for

√〈v2〉+. This can be because of experimental difficulties
in measuring the wall-normal velocity fluctuations near the rough-
ness crests. In the outer region DNS results and experimental data
compare well.

Conclusions
Direct and large-eddy simulations have been performed for a tur-

bulent channel flow with transverse square bars on the bottom wall
with a pitch to height ratio λ/k of 10 at Re = 2.8 × 103, 6.9 × 103,
and 1.2 × 104. For both form and frictional drag the agreement be-
tween DNS and LES is satisfactory. Near the wall, the rms velocity
obtained with LES compares reasonably well with DNS results. Far
from the wall larger differences are found. However, the improve-
ment associated with the subgrid model with respect to an unre-
solved DNS is encouraging. The DNS at Re = 1.2 × 104 is in reason-
able agreement with the experiment of Hanjalic and Launder.11 The
Reynolds-number dependence for intermediate Re is quite weak,
especially for pressure drag and rms velocity. Therefore we believe
that DNS and LES can be very useful for studying of rough wall
flows at least for high values of λ/k.
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